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Abstract: Berwald spacetimes are Finsler spacetimes that are closest to pseudo-Riemannian spacetime
geometry. Applying the cosmological principle, we find the most general spatially homogeneous and
isotropic Berwald spacetime geometries. They are defined by a Finsler Lagrangian built from a free
function on spacetime and a zero-homogeneous function on the tangent bundle, which intertwines
the position and direction dependence of the Finsler Lagrangian in a very specific way. The obtained
cosmological Berwald geometries are candidates for the description of the evolution of the universe,
when dynamically determined from a Finsler gravity equation.
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1. Introduction
To describe the evolution of the whole universe in cosmology, one applies the cosmological principle,
which states that there exists no preferred spatial position and no preferred spatial direction on large scales.
Technically, this principle is implemented in general relativity by using the spatially homogeneous and
isotropic Friedmann-Lemaitre-Robertson-Walker (FLRW) metric as ansatz for the geometry of spacetime.
It contains two free functions which depend only on time, the lapse function and the scale factor. The lapse
function can be normalized to unity, by a suitable choice of the time coordinate. The scale factor remains
the only free function to be determined as solution of the Einstein equations, sourced by a perfect fluid
energy-momentum tensor. On the basis of this mathematical model for the universe, one has to conclude
that only ∼ 5% of the Universe consists of standard model baryonic matter, while the rest is composed of
what is nowadays called dark energy [1,2] and dark matter [3]. The standard approach to cosmology is
excellently summarized for example in the book [4].
A promising approach for a geometric explanation of the dark matter and dark energy phenomenology
is to use Finsler spacetime geometry for the description of the gravitational interaction, instead of
pseudo-Riemannian geometry [5–9]. In particular, it has recently been suggested that Finsler geometry
provides the correct mathematical framework [10] and extension of the Einstein equations [11] for the
accurate determination of the gravitational field distribution of a kinetic gas.
Applying the cosmological principle to Finsler spacetime geometry results in a geometry defining
Finsler Lagrangian with a very specific dependence on the tangent bundle coordinates [12]. Since the
Finsler Lagrangian is a 2-homogeneous function in its dependence on the directional coordinates of the
tangent bundle, the demand of cosmological symmetry leaves large classes of allowed Finsler Lagrangians.
The symmetry demand does not provide a strong limitation in this regard. Specific choices of Finsler
geometries have been investigated in their capability to explain aspects of the cosmological dark matter
and dark energy phenomenology [13–19].
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A class of Finsler spacetime geometries, which can be regarded as closest to pseudo-Riemannian
geometry, are the so-called Berwald spacetimes [20–23]. They are characterized by the fact that the
Chern-Rund connection coefficients on the tangent bundle only depend on the points of the base manifold,
or, equivalently, the geodesic spray coefficients are quadratic in their dependence on the directional
variables of the tangent bundle. In other words, on Berwald spacetimes, the Chern-Rund connection gives
rise to an affine connection on the spacetime manifold. In general, this connection is not the Levi-Civita
connection of any pseudo-Riemannian metric, but instead, it can be regarded as a non metric-compatible
metric-affine connection without torsion [24].
In this article, we derive the most general cosmologically symmetric Berwald spacetime geometry. It
serves as a Finslerian candidate for the description of the evolution of the universe. The obtained Finsler
Lagrangian contains two free functions, one on the base manifold and another 0-homogeneous function
on the tangent bundle, which intertwines the position and direction dependence of the Finsler Lagrangian
in a very specific way. The Berwald geometry we obtain is the minimal Finsler geometric extension of
pseudo-Riemannian FLRW geometry.
We present our results in the following way. In Section 2, we introduce the definition of Finsler
spacetimes and the mathematical language needed to discuss cosmologically symmetric Berwald
spacetimes, before we recall how to identify Berwald spacetimes in Section 3. Our main result, the
most general cosmologically symmetric Berwald spacetime Finsler Lagrangian, will be derived in Section
3.2 before we conclude in Section 4.
2. Berwald Finsler spacetime geometry
Throughout this article, we consider the tangent bundle TM of a 4-dimensional manifold M, equipped
with manifold induced local coordinates, as follows. A point (x, x˙) ∈ TM will have local coordinates
of the form (xa, x˙a), where xa are the local coordinates of the point x ∈ M and x˙ = x˙a∂a ∈ Tx M is
the decomposition of the vector x˙ ∈ Tx M in the natural basis. If there is no risk of confusion, we will
sometimes suppress the indices of the coordinates. The symbol pi denotes the canonical projection of the
tangent bundle. The local coordinate bases of the tangent and cotangent spaces, T(x,x˙)TM and T∗(x,x˙)TM,
of the tangent bundle are {∂a = ∂∂xa , ∂˙a = ∂∂x˙a } and {dxa, dx˙a}.
A conic subbundle of TM is a non-empty open submanifold Q ⊂ TM\{0}, with the following
properties:
• piTM(Q) = M;
• conic property: if (x, x˙) ∈ Q, then, for any λ > 0 : (x,λx˙) ∈ Q.
By a Finsler spacetime, [11], we will understand in the following a pair (M, L), where M is a smooth
n-dimensional manifold and the Finsler Lagrangian L : A → R is a smooth function on a conic subbundle
A ⊂ TM, where TM \ A is of measure zero, such that:
• L is positively homogeneous of degree two with respect to x˙: L(x,λx˙) = λ2L(x, x˙) for all λ ∈ R+,
• on A, the vertical Hessian of L, called L-metric, is non-degenerate,
gLab =
1
2
∂2L
∂x˙a∂x˙b
(1)
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• there exists a connected component T of the preimage L−1((0,∞)) ⊂ TM on which gL exists, is
smooth and has Lorentzian signature (+,−,−,−) ,1
• the Euler-Lagrange equations
d
dτ
∂˙aL− ∂aL = 0 . (2)
have a unique local solution for every initial condition (x, x˙) ∈ T ∪N , where N is the kernel of L.
At points of N \A, i.e. where the L-metric degenerates or does not even exist, the solution must be
constructed by continuous extension. This means that the geodesic equation coefficients admit a C1
extension at those points.
The 1-homogeneous function F, which defines the point particle action for curves γ on M ,
S[γ] =
∫
dτ F(γ, dγdτ ) , (3)
is obtained from the Finsler-Lagrange function L as F =
√|L| and interpreted as proper time integral of
observers. For clarity, we list the different sets which appear in the above definition and comment on their
meaning:
• A: the subbundle where L is smooth and gL is nondegenerate, with fiber Ax = A∩ Tx M, called the
set of admissible vectors,
• N : the subbundle where L = 0, with fiber Nx = N ∩ Tx M,
• A0 = A \N : the subbundle where L can be used for normalization, with fiber A0x = A0 ∩ Tx M,
• T : a maximally connected conic subbundle where L > 0, the L-metric exists and has Lorentzian
signature (+,−,−,−), with fiber Tx = T ∩ Tx M.
The building block of the geometry of Finsler spacetimes is the geodesic spray, locally given by the
coefficients
Ga =
1
4
gLaq(x˙m∂m∂˙qL− ∂qL) . (4)
It defines the Finsler geodesic equation x¨a + 2Ga(x, x˙) = 0, the canonical (Cartan) nonlinear connection
coefficients Gab = ∂˙bGa and the Berwald linear connection coefficients Gabc = ∂˙c∂˙bGa.
A Finsler spacetime is called of Berwald type [20,25], or simply Berwald spacetime, if and only if, in
any local chart, the geodesic spray is quadratic in its dependence on the tangent space coordinates x˙:
Ga(x, x˙) =
1
2
Gabc(x)x˙b x˙c . (5)
This is equivalent to demanding that the canonical nonlinear connection coefficients are actually linear
in their x˙ dependence, or that the Berwald linear connection coefficients are independent of x˙. The latter
means that the Gabc(x) define an affine connection on M.
Next, we will determine the most general cosmologically symmetric Berwald Finsler spacetimes.
1 It is possible to equivalently formulate this property with opposite sign of L and metric gL of signature (−,+,+,+). We fixed
the signature and sign of L here to simplify the discussion.
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3. The Berwald Condition
In order to find the desired Berwald Finsler spacetimes, we rewrite a generic Finsler Lagrangian in a
specific way, which allows us to reduce the condition that a Finsler spacetime shall be Berwald, to a first
order partial differential equation.
Every Finsler spacetime Lagragian L can be written as L(x, x˙) = g(x˙, x˙)Ω(x, x˙), where g is an
arbitrary pseudo-Riemannian metric, g(x˙, x˙) = gab(x)x˙a x˙b and Ω = Ω(x, x˙) is a 0-homogeneous function
in x˙ (defined on a conic subbundle A as above). In [26], it was proven that L defines a Berwald Finsler
geometry if and only if there exist a g and a (1, 2)-tensor field D on M, symmetric in its vector arguments,
such that Ω satisfies the equation
∂aΩ(x, x˙)− Γbac(x)x˙c∂˙bΩ(x, x˙) = Dbac(x)x˙c
(
∂˙bΩ+
2x˙bΩ(x, x˙)
g(x˙, x˙)
)
, (6)
which we call the Berwald condition. Here, the indices were raised and lowered with the pseudo-Riemannian
metric, i.e., x˙b = x˙agab(x). The connection coefficients Gabc in (5) are then determined by the Christoffel
symbols Γ of g and the tensor D as
Gabc = Γabc + Dabc . (7)
In the following, we will insert the most general D which is compatible with a specific spacetime
symmetry and solve the Berwald condition for Ω. Together with the most general pseudo-Riemannian
metric g that is compatible with the spacetime symmetry of choice, this determines the most general
Berwald Finsler spacetime for the desired spacetime symmetry.
3.1. Homogeneous and Isotropic Cosmological Symmetry
Consider a manifold M equipped with spherical coordinates (t, r, θ, φ). A Finsler spacetime (M, L)
admits cosmological symmetry if and only if the Finsler Lagrangian L is constant along the complete lifts
XC of the following symmetry generating vector fields:
X1 = sin φ∂θ + cot θ cos φ∂φ, X2 = − cos φ∂θ + cot θ sin φ∂φ, X3 = ∂φ (8)
X4 =
√
1− kr2 sin θ cos φ∂r +
√
1− kr2
r
cos θ cos φ∂θ −
√
1− kr2
r
sin φ
sin θ
∂φ (9)
X5 =
√
1− kr2 sin θ sin φ∂r +
√
1− kr2
r
cos θ sin φ∂θ +
√
1− kr2
r
cos φ
sin θ
∂φ (10)
X6 =
√
1− kr2 cos θ∂r −
√
1− kr2
r
sin θ∂θ , (11)
to the tangent bundle. The complete lifts of the vector fields can be calculated by means of their definition
XC = Xa∂a + x˙b∂bXa∂˙a. We do not display the complete lifts here explicitly due to their lengthiness, they
can for example be found in [12]. There, also, the most general cosmologically symmetric Finsler spacetime
was already identified, by evaluating the conditions XCI (L) = 0, I = 1, ..., 6. This leads to the fact that a
Finsler spacetime is spatially homogeneous and isotropic if and only if
L(t, r, θ, φ, t˙, r˙, θ˙, φ˙) = L(t, t˙, w), w2 =
r˙2
1− kr2 + r
2(θ˙2 + sin2 θφ˙2) . (12)
To evaluate the Berwald condition, we consider Finsler Lagrangians L which are the form L(t, t˙, w) =
(−t˙2 + a(t)2w2)Ω(t, t˙, w), where the metric factor g(x˙, x˙) = (−t˙2 + a(t)2w2) is given by the
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Friedmann-Lemaitre-Robertson-Walker metric. This expression can be nicely rewritten in terms of the
0-homogeneous variable s = w/t˙
L(t, t˙, s) = t˙2(1− a(t)2s2)Ω(t, 1, s) , (13)
which will be very convenient to evaluate the Berwald condition.
The second ingredient in this condition is the (1, 2)-tensor field D. The most general spatially
homogeneous and isotropic such tensor field that is symmetric in its vector arguments, has the following
nonzero components, see for example [27],
Dttt = b(t), Dtrr =
c(t)
1− kr2 , D
t
θθ = r2c(t), Dtφφ = r2 sin2 θc(t) , (14)
Drrt = Drtr = Dθθt = Dθ tθ = Dφφt = Dφtφ = d(t) . (15)
where b(t), c(t), d(t) are arbitrary functions of t.
Using the above expressions in the Berwald condition (6) yields two independent equations, which
need to be solved to determine Ω(t, s). Let ′ denote derivatives with respect to the single argument of the
functions a, b, c and d, then the spatial equations (a = r, θ, φ) read
2
c(t)− a(t)2d(t)
s2a(t)2 − 1 Ω(t, s) +
a(t)
[
s2(c(t) + a(t)a′(t))− d(t)]− a′(t)
sa(t)
∂
∂s
Ω(t, s) = 0 (16)
and the temporal equation (a = t) is
∂
∂t
Ω(t, s) + 2
b(t)− s2a(t)2d(t)
s2a(t)2 − 1 Ω(t, s) +
a(t)
[
b(t)− d(t)]− a′(t)
a(t)
s
∂
∂s
Ω(t, s) = 0. (17)
3.2. Solving the cosmological Berwald condition
Solving the Berwald condition for the most general combination of Ω(t, s), b(t), c(t) and d(t) is not
trivial. We will now classify all the solutions of the system (16) and (17).
Introducing the functions
M(t, s) = 2
c(t)− a(t)2d(t)
s2a(t)2 − 1 , N(t, s) =
a(t)
[
s2(c(t) + a(t)a′(t))− d(t)]− a′(t)
sa(t)
(18)
P(t, s) = 2
b(t)− s2a(t)2d(t)
s2a(t)2 − 1 Q(t, s) =
a(t)
[
b(t)− d(t)]− a′(t)
a(t)
s , (19)
the Berwald condition becomes
M(t, s)Ω(t, s) + N(t, s)
∂
∂s
Ω(t, s) = 0,
∂
∂t
Ω(t, s) + P(t, s)Ω(t, s) + Q(t, s)
∂
∂s
Ω(t, s) = 0 . (20)
We now analyze the first equation and find several cases in which we obtain trivial solutions, in the sense
that the Finsler Lagrangian is pseudo-Riemannian or zero. The only case that provides proper Finslerian
solutions is M = N = 0, as we will see below.
3.2.1. Trivial solutions
Trivial solutions arise in the following situations:
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• If N is different from zero, then we can divide the first equation in (20) by N,
M(t, s)
N(t, s)
Ω(t, s) +
∂
∂s
Ω(t, s) = 0 . (21)
Now it is helpful to introduce the function
A(t, s) =
s2a(t)2 − 1
a(t)
[
d(t)− s2(c(t) + a(t)a′(t))]+ a′(t) (22)
and to realize that it satisfies
1
A(t, s)
∂
∂s
A(t, s) =
a(t)2d(t)− c(t)
a(t)
[
d(t)− s2(c(t) + a(t)a′(t))]+ a′(t) × 2sa(t)s2a(t)2 − 1 = M(t, s)N(t, s) . (23)
We can thus rewrite equation (21) as
Ω(t, s)
A(t, s)
∂
∂s
A(t, s) +
∂
∂s
Ω(t, s) = 0 . (24)
After multiplication with A(t, s) we find
∂
∂s
(Ω(t, s)A(t, s)) = 0 ⇒ Ω(t, s)A(t, s) = f (t) , (25)
where f (t) is an arbitrary function of t. Using the explicit form of the function A, we thus obtain the
solution
Ω(t, s) =
f (t)
A(t, s)
= f (t)
a(t)
[
d(t)− s2(c(t) + a(t)a′(t))]+ a′(t)
s2a(t)2 − 1 . (26)
Constructing the Finsler Lagrangian L = t˙2(1− a(t)2s2)Ω(t, s) from this solution immediately yields
L = I(t)t˙2 + J(t)w2 , (27)
with I(t) = − f (t)(a′(t) + a(t)d(t)) and J(t) = a(t) f (t)(c(t) + a(t)a′(t)). The just constructed
Finsler Lagrangian is again quadratic in its dependence on the velocities and hence defines a
pseudo-Riemannian spacetime geometry. In the particular case when M(t, s) is zero, we see from
(21) that Ω is just a function of t.
• If N = 0 and M 6= 0, then the first equation in (20) implies immediately that Ω(t, s) = 0 and thus the
Finsler Lagrangian is L = 0.
From this analysis, we find that nontrivial cosmologically symmetric Berwald Finsler Lagrangians can
only be obtained if M = N = 0.
3.2.2. Finslerian solutions
Demanding that M = N = 0 leads to the equations
c(t)− a(t)2d(t) = 0, a(t)[s2(c(t) + a(t)a′(t))− d(t)]− a′(t) = 0 (28)
for c(t) and d(t). Since s and t are independent variables, the s dependence in the latter must vanish, which
immediately implies c(t) = −a(t)a′(t). Plugging this into the remaining equations yields d(t) = − a′(t)a(t) .
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Having solved (16) for general Ω(t, s), the remaining equation (17) becomes
∂
∂t
Ω(t, s) + sb(t)
∂
∂s
Ω(t, s) +
2(b(t) + s2a(t)a′(t))
s2a(t)2 − 1 Ω(t, s) = 0 . (29)
This equation intertwines the t and s dependence of Ω and can be solved by a change of variables. For this
purpose we substitute s by a new variable u, which is defined such that
s = uB(t) , B′(t) = B(t)b(t) . (30)
In other words, the function B(t) is given explicitly as the integral
B(t) = exp
(∫ t
t0
b(τ)dτ
)
, (31)
up to an undetermined constant of integration related to the choice of the lower bound t0. Replacing
Ω(t, s) by
Ω˜(t, u) = Ω(t, s) = Ω(t, uB(t)) , (32)
we find that
∂
∂u
Ω˜(t, u) = B(t)
∂
∂s
Ω(t, s) ,
∂
∂t
Ω˜(t, u) =
∂
∂t
Ω(t, s) + uB′(t) ∂
∂s
Ω(t, s) . (33)
Using
uB′(u) = uB(t)b(t) = sb(t) , (34)
our original equation (29) becomes
∂
∂t
Ω˜(t, u) + 2
u2B(t)2a(t)a′(t) + B′(t)/B(t)
u2B(t)2a(t)2 − 1 Ω˜(t, u) = 0 , (35)
and so it contains derivatives with respect to t only. We can explicitly integrate this equation by introducing
another function
C(t, u) = u2a(t)2 − 1
B(t)2
⇒ ∂
∂t
C(t, u) = 2u2a(t)a′(t) + 2 B
′(t)
B(t)3
, (36)
hence simplifying equation (35) to
∂
∂t
Ω˜(t, u) +
Ω˜(t, u)
C(t, u)
∂
∂t
C(t, u) = 0 . (37)
After multiplication by C(t, u) we thus conclude
∂
∂t
(
Ω˜(t, u)C(t, u)
)
= 0 ⇒ Ω˜(t, u)C(t, u) = f (u) , (38)
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with an arbitrary free function f (u) which depends only on u. Substituting back we obtain the general
Finslerian solution of the Berwald condition
Ω(t, s) =
B(t)2
s2a(t)2 − 1 f (sB(t)
−1) . (39)
Recall from the definition (31) that B(t) is determined only up to a multiplicative constant; however, this
can simply be absorbed into the function f . With this result, we found the most general nontrivial Berwald
Finsler spacetimes with cosmological symmetry:
L = t˙2(1− a(t)2s2)Ω(t, s) = −t˙2B(t)2 f (sB(t)−1) , (40)
which are candidates for the description of the evolution of the universe. The null structure of the above
Finsler Lagrangian is determined by the zeros of f . To summarize our findings we have proven the
following theorem:
Theorem 1. If a Finsler spacetime Lagrangian L is of Berwald type and admits cosmological symmetry, then it falls
into one of the following classes:
1. pseudo-Riemannian (quadratic in x˙), in which case it is, up to t coordinate redefinition, given by the FLRW
metric, or
2. nontrivially Finslerian, in which case it is given by (40).
Nontrivial Finslerian solutions have two degrees of freedom: the free function B(t) that is related
to b(t) from the tensor D via (31), and the free function f , which emerged during the integration of the
temporal Berwald condition. The function f must be determined in such a way that the total Lagrangian L
defines a Finsler spacetime as introduced in Section 2. If this criterion is met, the statement in Theorem 1
becomes an if and only if statement.
As explicit examples, one may consider f = (−m+ s2B(t)−2)h(sB(t)−1) with m being a constant and
h being a smooth and non-vanishing function. The resulting Finsler Lagrangian then is
L = (mB(t)2 t˙2 − w2)h(sB(t)−1) , (41)
which satisfies all Finsler spacetime criteria.
Still, the function h can be chosen freely and must be determined from the gravitational field equation.
The latter is an ongoing project on which we will report soon.
4. Discussion and conclusion
Among the variety of possible Finsler geometric extensions of pseudo-Riemannian geometry as
geometry of spacetime, Berwald spacetimes represent a most conservative generalization. Our discovery
of the most general non-trivial cosmological, i.e. spatially homogeneous and isotropic Berwald spacetimes
reveals the class of geometries which extend the famous FLRW class of metrics into this realm. Most
importantly, we found that cosmological Berwald geometries are parametrized by a free positive function
on spacetime, B(t), and a 0-homogeneous function on the tangent bundle, which intertwines the position
and direction dependence of the Finsler Lagrangian in a very specific way, by means of a function
f (sB(t)−1). The resulting Finsler Lagrangian is
L = −t˙2B(t)2 f (sB(t)−1) , (42)
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As the scale factor is determined by the Einstein equations on general relativity, the free function
must be determined by suitable Finsler generalisations of the Einstein equations. Most of the suggested
generalizations in the literature simplify significantly for Berwald geometries.
In particular, the ansatz (42) is an important step in the program of the description of the evolution of
the universe in terms of a gravitational field distribution sourced by a kinetic gas. We argued in [10], that
the back reaction of a kinetic gas on the geometry of spacetime can be obtained directly from the 1-particle
distribution function (1PDF) of the gas, when one employs Finsler geometry instead of pseudo-Riemannian
geometry. The explicit form of the 1PDF will then determine the free functions B and f , a derivation which
is currently work in progress.
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